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Abstract 

In the semi-light cone gauge g a b = e 2l ^5 a b, j + = 0, we evaluate the ^-dependent effective 
action for the pp-wave Green- Schwarz (GS) superstring in both harmonic and group coordi- 
nates. When we compute the fermionic ^-dependent effective action in harmonic coordinates, 
we find a new triangular one-loop Feynman diagram. We show that the bosonic (^-dependent 
effective action cancels with the fermionic one, indicating that the pp-wave GS superstring is 
a conformal field theory. We introduce the group coordinates preserving SO (4) x 50(4) and 
conformal symmetry. Group coordinates are interesting because vertex operators take simple 
forms in them. The new feature in group coordinates is that there are logarithmic divergences 
from n-gons, so that the divergent structure is more complicated than in harmonic coordinates. 
After summing over all contributions from n-gons, we show that in group coordinates, the GS 
superstring on pp-wave RR background is still a conformal field theory. 
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I. INTRODUCTION 



Recently, Berenstein, Maldacena, and Nastase (BMN) [1] argued that the states of 
type IIB string theory on a plane-wave (pp-wave) Ramond-Ramond (RR) background [2] 
correspond to a class of operators in Af = 4 SU (N) Yang-Mills with large -R-charge J. 
The type IIB string worldsheet action on the pp-wave RR background was constructed 
using the Green-Schwarz (GS) formalism in [3, 4]. In the light-cone gauge, the exact 
solvability of the Green-Schwarz string theory on pp-wave RR background provides for 
an explicit realization of the pp-wave/SYM correspondence. 

Although this light-cone formulation is very useful in calculating the string spectrum, 
it is not manifestly superconformally invariant. This makes it difficult to compute scat- 
tering amplitudes. Some covariant versions of type IIB string theory on pp-wave RR 
background were proposed [5, 6] by exploiting the hybrid and U(4) formalisms, but since 
the most straightforward method for constructing the superstring action on pp-wave RR 
background is the Green-Schwarz formalism [3, 4], it is interesting to check the conformal 
invariance of the pp-wave GS superstring action explicitly. To calculate pp-wave string in- 
teraction in the context of the perturbative string theory, besides the conformal invariant 
action, one has to construct string vertex operators. In a pp-wave background, the vertex 
operators take a quite complicated form in harmonic coordinates, 1 but they are simpli- 
fied in group coordinates [7, 8]. As the transformation between harmonic coordinates 
and group coordinates is highly nonlinear, if we treat group coordinates as "fundamental 
fields" in the calculation, it is not a priori obvious whether the pp-wave GS superstring 
action in group coordinates is superconformal invariant or not. 

In general backgrounds, because of the mixing of vertex operators, if one constructs 
the vertex operators like G ilv d n x ll d n x v ', one has to calculate n-loop Feynman diagrams 
for arbitrary n [9]. This is extremely difficult to carry out in practice. If we compute 
the pp-wave string interaction including BMN operators, it seems some n-loop Feynman 
diagrams have to be involved. Thus it is interesting to study the structure of the n-loop 

1 The harmonic coordinates are convenient in calculating the string spectrum, but awkward for comput- 
ing scattering amplitudes. Group coordinates have the opposite properties. 
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Feynman diagrams of the GS superstring theory on pp-wave RR background. 

In this paper, we study the GS superstring in the semi-light cone gauge g ab = e 2< ^S a b, 
7+0 = on pp-wave RR background and its conformal invariance. Following Kallosh- 
Morozov [10], we calculate the partition function of the pp-wave GS superstring in the 
semi-light cone gauge, and rewrite the original GS superstring action with its 5*0(8) 
spinors in a concise form using SU(A) spinors. When m = 0, the conformal anomaly from 
SU (4) spinors has a coefficient +8 while the contribute y and reparametrization ghost 
contribute — y, thus the total conformal anomaly is y — y + 8 = 0. 

When m ^ 0, we first evaluate the ^-dependent bosonic effective action in harmonic 
coordinates. Then we compute the fermionic ^-dependent effective action, we find a new 
triangular one-loop Feynman diagram. We show that the bosonic ^-dependent effective 
action cancels with the fermionic one, which indicates that the pp-wave GS superstring is 
an exact conformal field theory. The quartic interaction term in pp-wave background takes 
the special form x l d + x + d_x + . Since x + can only contract with x~, there is no interacting 
term quadratic in x~ , thus the higher-loop Feynman diagrams can be decomposed as the 
products of the one-loop diagrams, which is an important feature when we discuss the 
mixing of the vertex operators. 

We introduce the group coordinates preserving SO (4) x SO (4) and conformal sym- 
metry. The new feature in group coordinates is that there are logarithmic divergences 
from n-gons whose divergent structure is more complicated than that in harmonic co- 
ordinates. After summing over all contributions from n-gons, however, we find that in 
group coordinates, the GS superstring on pp-wave RR background is still a conformal 
field theory. 

The paper is organized as follows. In Section 2, we discuss the partition function 
of the GS superstring on the pp-wave RR background. In Section 3, we calculate the 
^-dependent effective action and quantum counterterms in harmonic coordinates, and 
find a new fermionic triangular one-loop diagram. In Section 4, we study the quantum 
counterterm and the ^-dependent effective action in group coordinates. Some interesting 
logarithmic divergences from n-gons are found, which is a peculiar feature of the group 
coordinates. In Section 5, we present our summary and conclusion. 
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II. PARTITION FUNCTION OF GS SUPERSTRING ON PP-WAVE RR BACK- 
GROUND 

Let us start with the ten dimensional plane wave space with the metric and RR-flux 

[2] 

ds 2 = 2dx + dx~ — m 2 x %2 dx +2 + dx %2 , 

-F+1234 = -F+5678 = 2m (1) 

where i — 1, • • •, 8, and x ± = (x 9 ± x°)/\^2. The coordinates x ± , x l are called harmonic 
coordinates and are physically convenient in calculating the string spectrum [7, 8]. 

The ^-symmetry gauge fixed type IIB GS superstring Lagrangian in the pp-wave RR 
background (1) with 7 + # = 7 + # = 2 is [3] 

C = - ] -^ g a \2d a x + d b x- - m 2 x i2 d a x + d b x + + d^d^) 
-i^gg ab d a x + {6T d b 6 + $T d b 6 + 2imd h x + 6Y 110) 
+ie ah d a x + (6Y d b 6 + 9T d b 6) (2) 

where n = 7 X 7 2 7 3 7 4 , 9 = (6 1 + i6 2 )/V^, = (6 1 -i6 2 )/V2, 6 1 and 6 2 are real Majorana- 
Weyl spinors or 5*0(8) spinors. 

The partition function in the path integral formalism can be computed by fixing the 
semi-light cone gauge, i.e., 7 + # = 7 + # = and g ab = e 2 ^5 ab . The gauge fixed path integral 
takes the form 

Z = J Dx»D6 1 D6 2 DbDc(detd + x + y 4 (detd„x + )- 4 e- s (3) 

with 

S = — — - [ d 2 cr ( d + x~d-x + + \d + x l d-X % — \m 2 x l2 d + x + d^x + 
2na' J V 2 2 

+id.x + e 1 T d+9 1 + id + x + 6 2 7" d^6 2 - 2 i md+x+d^x+6 1 T W 2 + C bc ) (4) 



2 We adopt the same notation as in [3], where the coset superspace [11] has been exploited. 
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where £f, c is the usual conformal ghost Lagrangian, and in Euclidean worldsheet we have 
d± = id ±dx. The origin of (det d + x + )~ 4 (det d_x + )~ 4 can be traced back to the Faddeev- 
Popov fermionic gauge symmetry ghost Lagrangian ^/gg + ^c^T^T + T^L^T + T^c^ + 
^-+ c (2) r - r + r M jL + r + r - c ^ 2 ) ^ (det<9+:r+)- 8 (det<9_:r + )- 8 and to 

(det d + x + ) 4 (det d^x + ) 4 due to the existence of second class constraints [10]. 

Using the fact that the SO (8) spinor 9 with = can be presented as two S77(4) 
spinors ip a , r) a , a = 1, • • •, 4, the partition function can be written as 

Z = J Dx» Dip 1 Dr] 1 Dip 2 DrfDbDc (det d + x + )~ 4 (det d^x + )~ A e~ s (5) 



with 



S = 3— ( d 2 o (d+x d-x + + -d + x l d-X l — -m 2 x l2 d + x + d-X + 

2ira J \ 2 2 

—id-X + ip 1 d + i] 1 — id+x + ip 2 d-i] 2 + imd + x + d-X + (ip 1 ip 2 +i] 1 i] 2 )+ £ 6c ) (6) 



where we have exploited d^x + r] 1 d + ip 1 — > d-X + ip 1 d + i] 1 + ip 1 rj 1 d + d-X + , d + x + rfd-ip 2 

— ► d + x + ip 2 d_rf + ip 2 f] 2 d + d_x + , and x~ + \ip x r) x + \ip 2 r\ 2 — > x~, that is, {^ip 1 i] 1 + 
^ijj 2 7] 2 )d + d^x + can be absorbed into the redefinition of x~ . 

After rescaling d^x + ip 1 — > — and <9 + x + -?/> 2 — >■ — ?/> 2 , we have 

Z = J Dx^ 1 Dip 1 Dr] 1 Dip 2 Dr] 2 DbDc e~ s (7) 

with 

S = l — I d 2 o (d + x-d^x + + -d+x^.x 1 + iip 1 d+rj 1 + i^ 2 d^rf + £ 6c 

27TQ; J \ 2 

-^mV^+i+l^+mj/) 1 ?/; 2 + i ™?V d + x + d_x + ^j (8) 

which consists of 10 ordinary scalar fields x^, reparametrization ghost b, c, and four 577(4) 
fermions iplcVai^aiVa with a = 1, • • -,4. The first line shows the kinetic terms, and the 
second line is the interaction Lagrangian. The action (8) is nothing but the type IIB GS 
superstring action in the semi-light cone gauge on the pp-wave RR background, where its 
original SO (8) spinors have been presented as 577(4) spinors. Here we point out that the 
action (8) is much simpler than the superstring action derived using the U (4) formalism 
in [6]. 
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III. CONFORMAL INVARIANCE OF GS SUPERSTRING IN HARMONIC 
COORDINATES 



To show the action (8) is conformally invariant, let us first consider the m = case. In 
(8), there are no worldsheet fermions, but instead some O-differential spacetime fermions 
if, if and 1-differential spacetime fermions f> 1 ,f> 2 '. The 1-differential fermions f> 1 do not 
have an ordinary norm H^ 1 !) 2 = / d 2 a^fgip 1 ip l , instead their norm is induced by that of 
9 1 and 6 2 . From the rescaling d-X + ip 1 — > —f> 1 , the appropriate norm for fi 1 is [10] 

ll^ll 2 = / d 2 a^^—^— (9) 



\d-x^ 

and the regulator integral should be / {D^^lDifj 1 ^ exp ( — / d 2 a(ijj l d + i] 1 + frd-fj 1 + 



M 2 , d ^+, 2 f> 1 f> 1 ) ) ■ Integrating out tp 1 fields gives / {Di] 1 ] 2 exp / ^fgrf Arf / 'M 2 with 



ex P ( -— /(^ fr^ + Hj-)) ( n ) 



|a_x+| 

Laplace operator of the form 

1 1(9 r+l 2 

a = — <9_ 1 1 a + . (io) 

The conformal anomaly for the Laplace operator A PtQ = p(z)d q(z)d is described by 
Liouville action [10] 

1 r \dp\ 2 Adpdq \dq\ 
487T J p 2 pq q 2 

In conformal gauge g a b = e 2<t> 5 a b, i.e., p = e~ 2 *, q = e~ 2 ^\d-X + \ 2 , then (11) becomes 

expf--^- A-8<90<90- m + \n\d^x + \ 2 )dd\n\d-X + \ 2 ]). (12) 
V 487r J J 

The first term in the bracket shows that the conformal anomaly from f> 1 ,i] 1 has a co- 
efficient +8 while the x M contribute y and reparametrization ghosts contribute — y, so 
the total Polyakov anomaly in (8) with m = is y - y + 8 = 0. The second term in 
the bracket represents the additional anomaly, which is proportional to ddx + and can be 
removed by a shift of the x~ field [10]. For ifj 2 ,i] 2 , we have the same result. 
When 0, the dimensional continuation of the action (8) is 



S = 



2na 



— [ d 2+e ae e *( d + x-d-x + + -d+x'd.x 1 + iij 1 d+rf + iif 1 d^if + C bc 
xa! J \ 2 



--rn 2 x l2 d+x + d-X + + imtp 1 ip 2 + i mifif d + x + d-X + ^j (13) 
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where we perform all the index algebra in two dimensions and continue the volume element 
to 2 + e dimensions [12, 13]. The trace of the stress-energy tensor can be obtained by 
variation of the effective action with respect to [12]. 

If m is small, we can calculate the ^-dependence of the effective action by perturbation 
theory. Since in the nonlinear sigma model the quadratic divergences like the contact 
term 5 (0) can be omitted in dimensional regularization [13], in the following calculation 
we only consider the logarithmical divergences. 3 When e is small, the action (13) can be 
written as 

S = -— / d 2+e a ( d + x'd^x + + Id+x'd^x 1 + ii) 1 d+r] 1 + i^ 2 d^rf + C bc 
zna J V 2 

+d + x~ d-x + e<f) + ^-d + x l d-x l e(j) + iip 1 d+rj 1 e<f) + tip 2 d^rf e<f) + Cb c e<p 
2 

1 2 1 2 

— -m 2 x l d + x + d-X + — -m 2 x l d+x + d-X + e(j) + im-ip 1 ip 2 + i mip 1 ip 2 ecp 

+i mr] 1 r] 2 d + x + d-X + + imrfrj 2 d + x + d-X + e(p s j (14) 

where the quadratic terms are usual kinetic terms, the cubic and quartic terms are inter- 
acting ones. From (14), we can read off the propagators as 

d 2+e k 1 



rt 2+e h 1 

d 2+€ k 1 



M = 2 ™'<W J %^ir/ k ' (CT1 " CT2) ( 15 ) 

where k± = k =p %k\. For x + and x~ , only the propagator < x + x~ > is nonzero, while 
averages of any number of x + without x~ vanish. 

We first consider the bosonic ^-dependent effective action, that is, we switch off the 
fermionic fields. From (14), we find that the first logarithmically divergent term B\ is 



Because of the equal total numbers of bosons and fermions, the trivial quadratic divergences cancel. 
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given by 

B 1 = — *— / d 2+e a ( - -m 2 ¥l l d+x + d.x + e<P 

= f d 2 a<f)d + x + d_x + (16) 

7T J 



which is obtained by the contraction < x % x % > and described by Fig.l. In (16), the limit 
e — > has been taken. 



FIG. 1: The one-loop logarithmically divergent term coming from <x l x % >. 

The second one comes from the contraction between the ^-dependent kinetic term and 
the quartic term 



B 2 = J d 2+ Vi d 2+ *a 2 X - d + x\a x )d. x\cj x )^{cy x )\-m 2 x\a 2 )x\cj 2 ) 

l -d + x + {o 2 )d-X + {a 2 )\ 
= / d 2 a<j)d + x + d_x + . (17) 

7T J 

The factor 2 in the first line comes from two sorts of the contraction between d + x l d^x l 
and xi xK The Feynman diagram for B 2 is shown in Fig.2. 
The third logarithmically divergent term B$ is 

B * = TtAi^ I d2+ ^ rf2+V 2 {~\rn 2 Px l (a 1 )d+x + (a 1 )d- x + (a^d+x' (a 2 )d-X + (<7 2 )e0 
[Ana ) J I 

= — [ d 2 a<j)d + x + d_x + (18) 

7T J 
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FIG. 2: The logarithmic divergence coming from the contraction between the ^-dependent 
kinetic term and the quartic term, the cross represents the insertion of ecfi. 



which is obtained by the contraction between the part of Bi and d + x~d_x + e<f), and can be 
described similarly by Fig.l. We can check from the partition function and the action (14) 
that there are some higher-loop divergent contributions to the total bosonic ^-dependent 
effective action given by 

= In W - [ d 2+e a {-\m 2 x l2 d + x + d^x + ) (19) 



with 



W = limT<{ exp 



2na 



- [ d 2+e cr (d + x d-x + ecf) + ^-d + x l d-x % e(j) — ]-m 2 x t2 d + x + d-X + 



--m 2 x l2 d + x + d^x + t( 1 



OO J 

lim — 



i 



2rca 



- f d 2+e a{-]-m 2 ¥l l d + x + d.x + e<j)) 



n oo 111 
k,l,s=0 l - *■ 



k 



l-k 

s 



(27TCY) 

■ 2 



1 



— J rf 2+ Vr d 2+e a 2 X - d+x^a^dA^a^a^-m 2 ^^^)^^ ^d + x + (a 2 )d^ x + (a 2 )\ 

— f , rf 2+ Vx d 2+t a 2 (-l-m 2 Px l (<7i)d+a; + (<7i)&- x+ia^d+x' (a 2 )d-X + {a 2 )e^ 
Y J 2 



2vra' 



d 2+e a (-^m 2 x l2 d + x + d.x + ) 



l—k—s 



(20) 



and the diagramatic illustration for the total bosonic ^-dependent effective action is drawn 
in Fig. 3. Fig. 3 shows that the higher-loop diagrams can be decomposed into the products 
of one-loop diagrams, which will be a crucial feature when we discuss the mixing of the 
vertex operators on pp-wave RR background. 
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1 + 















FIG. 3: The total bosonic divergences from all loop contribution. 
Inserting (16), (17) and (18) into (20), W is reduced to 

W = I d 2 a<t>d+x+d-x+ . J d 2 c<t>d+x+d-X+ . J d 2 *4>d+x+d-x+ 

. e ^J I <P+^{-\m*x* 2 d+x+d-x+) 
= e ^r$ d?v<t>d+x+d-x+ . ( ?+^{-\ m ix* 2 d + x+d-x+)^ ^ 

Plugging (21) into (19), we have 

Am 2 
-D0 = 

7T 

which indicates that the total bosonic ^-dependent effective action does not vanish on 
pp-wave background. In other words, the /3-function (3g is not zero [14]. It has been 
shown from other approaches that the D = 26 bosonic string on pp-wave defines a good 
string background [15] only when X) A t =0, but in our case it is 8m 2 . 

i 

We consider the fermionic contribution to the ^-dependent effective action. The action 
(14) shows that there are two logarithmically divergent terms, the first is 



J d 2 a(f)d + x + d-x + (22) 



Fi = J d 2+ ^a, d^^imi^a^ia^ia^m}] 1 (a 2 )i] 2 (a 2 ) 

= — [ d 2 a<pd + x + 8_x + (23) 

7T J 

where the factor 2 in the first line comes from the contraction between imip l ip 2 and 
imi] 1 r] 2 e(p. The Feynman diagram for F 1 is shown by Fig. 4. 
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FIG. 4: The fermionic one-loop logarithmic divergence from the contraction between tp 1 ^ 2 and 
T] 1 !] 2 , where cross represents e<f>. 

The second logarithmically divergent term is given by 

F2 = T^m / rf 2+ Vi d 2+ ^ 2 d 2+ ^ 3i ^\a 1 )d + l 1 (a 1 )e4>(a 1 )imip 1 (a 2 ) j V^m^^iVa) 
{Ana y J 

■d + x + (a 1 )d- x + (a 2 ) 
Am 2 f 

= / d 2 a</)d + x + d„x + (24) 

7T J 

where the factor 2 in the first line is obtained by replacing %l) l d + 7] 1 with vf) 2 d + r] 2 . The 
interesting feature of F 2 is that it can be described by the one-loop triangle diagram 
shown in Fig. 5. 

^5 



&- 



FIG. 5: The triangle one-loop logarithmic divergence from the contraction among ^d+rj 1 , tp 1 ^ 2 , 
r? 1 ^ 2 , where the cross represents ^V 2 > the circle stands for ip 1 d+r/ 1 e<f> and the rest corresponds 
to r] 1 ri 2 d+x + d-x + . 

The third one can be obtained from the contraction between the part of Fi and 
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d + x d-X + e<f) 



F 3 = 





(25) 



which is shown similarly as Fig. 4. 

The total fermionic ^-dependent effective action can be obtained the same way as in 
the bosonic case with the similar structure of Fig.3, where Fig. 4 and Fig.5 instead of Fig.l 
and Fig. 2 are used as the "fundamental blocks" . 

Eqs.(16), (17), (18), (23), (24) and (25) show that the B l + B 2 + B 3 + F x + F 2 + F 2 = 
0, which indicates that the total ^-dependent effective action vanishes. We therefore 
conclude that the type IIB GS superstring in semi-light cone gauge on the pp-wave RR 
background is described by a superconformal field theory. 

Here we emphasize that there are some higher-loop diagrams, but they can be decom- 
posed as the products of the one-loop diagrams. This is because the quartic interaction 
term takes the special form x % d + x + d_x + and x + can only contract with x~, while there 
is no interacting term quadratic in x~ . 

Let us study the quantum counterterm in (8) instead of the ^-dependent effective 
action. The only logarithmic divergence in bosonic part is 




(26) 



which can be illustrated by Fig.l. 

The logarithmically divergent term in fermionic action is 



fe = j^-^ I <P +e *i (P+^im^c^Mimri 1 (<7 2 )A 2 (<7 2 ) 
(Ana y J 

■d + x + (a 2 )d- x + {a 2 )] 




(27) 
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which can be shown by Fig. 4, but the cross represents the factor im. 

Like the ^-dependent effective action, the counterterms in bosonic and fermionic parts 
are not zero respectively, but the total counterterm for the action (8) vanishes: b e + f e = 0. 



IV. POLYGON DIVERGENT STRUCTURE IN GROUP COORDINATES 

The coordinates (x ± , x l ) are called harmonic coordinates and are physically convenient 
in calculating the string spectrum. To display the symmetries of the geometry and com- 
pute scattering amplitudes [17], the so called "group coordinates" are more suitable [7, 8]. 
In group coodinates, the metric takes the form [7, 8] 

ds 2 = 2dy + dy~ + e ±2tmy+ dy l2 (28) 

where the group coodinates are related to the harmonic coordinates by 

x + = y + , 

x- = y- T^e ±2 ^W, 

x i = e ±™y + y \ (29) 

In [7, 8], no criterion is given to determine the sign ±. Here we assign ± in the way that 
preserves conformal invariance, and the metric is then 

4 8 



„-'2 

dy 

i=l i'=5 



ds 2 = 2dy + dy~ + e 2my+ ]T dy 1 + e~ 2imy+ J2 W' ( 30 ) 



with 



x' = y , 

x~ 



y- - % ^e 2imy+ jlv 1 v % + ^e~ 2 -y + £ //, 

1 i=l 1 i'=5 



x l = e imy y l 



x 1 ' = e - imy+ / (31) 
where i — 1, • • • , 4 and i' — 5, • • • , 8. 
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Notice that our choice of signs has the property of preserving the volume of the co- 
ordinate system. The Jacobian J(jpjj?) gives the measure factor e l ( 4 ~ 4 ) m y + — 1. This 
assignment of ± also makes manifest the 5*0(4) x 5*0(4) symmetry. 

Though the coordinates and metric are complex, the vertex operators in group coor- 
dinates are quite simple [7, 8]. The massless scalar field solution of the Laplacian [18] in 
harmonic coordinates is 

V T (x) = e ^- + ^-x- -Q e -^/A H (^_ x ^ (32) 
3=1 V 2 

with k + = jr-( n j + |)> an d «j = ±m&;_. For aj > 0, the H nj are Hermite polynomials. 

j 

In group coordinates, the solution is simplified to [7, 8] 

v+ 

i J dy+ k + (y + )+ik-y~ +ikiy l 

V T (y) = e (33) 

where ki are constants and play the role of components of the momentum. 4 
In terms of group coordinates, the partition function (7) turns into 

Z = J Dy^D^DrfD^DrfDbDce- 3 (34) 

with 

S = 



i=l i'=5 



+# 2 d.rf + C bc + he 2my+ - 1) d + y l d.y l + I( e " 2 ^ + - 1) ]T <9 + /<9„/ 

i=l - i'=5 

+imip l ip 2 + imr] 1 r] 2 d + y + d^y + ^j (35) 

Here the fermionic part is the same as that in harmonic coordinates, and the fermionic 
quantum counterterm does not change in group coordinates, so in group coordinates we 
only need to consider the bosonic quantum counterterm. 



4 After some modification, the solution can be identified as tachyon vertex operator in string theory [8]. 
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4 

The bosonic interaction is now changed into ^(e 2imy — 1) d + y l d_y l = — ^(e 2imy — 

i=l 

1) J2 d a y l d a y\ and — -Ae~ 2tmy — 1) J2 d a y l d a y l . In group coordinates, the vertex oper- 

i=l i'=5 

ators and calculation of scattering amplitudes are simple, but the action (35) and calcu- 
lation of string spectrum are more complicated than in harmonic coordinates. 

Though the y % interacts with y 1 ' through y + and y~, when we calculate the bosonic 
quantum counterterm and ^-dependent effective action, y l still decouples effectively from 
y 1 ' . Thus in the following calculation, we first consider y\ then add the contribution from 
y 1 ' by replacing m by — m. Since quadratic divergences like the contact term 5 (0) can be 
omitted in dimensional regularization, the contraction between y % and y % does not create 
any counterterm. To extract the logarithmic divergence, we expand 

e 2imy+ (a 2 ) = e^^ + i^-a^-dae^ia,) 

+7^2 - a ± ) a (a 2 - ^^(V^V) + • • • (36) 

where the higher-order terms only contribute to the finite term, so they can be omitted. 
The first logarithmic divergence comes from the contraction 

A 2 = \- (-1) 2 • {\f ■ 2 • -^y 2 J d^a, d^a 2 (e 2 * my+ - 1)^) • (e 2my+ - 1)(<7 2 ) 

• i d a y\a 1 )d a y\a l ) d^y 3 (tr 2 ) d b y ] (<r 2 ) 
= —1- J d 2 a(e 2tmy+ - l)d + d„e 2imy+ (37) 

where the factor 2 is from two sorts of contraction between d a y l d a y l and d^d^y^ and 
the finite terms have been omitted. The Feynman diagram for A 2 is drawn in Fig. 6. 

Besides A 2 , there are polygon contributions to the logarithmic divergences. The n-gon 
logarithmic divergence A n (n = 2, 3, 4, • • •) is 

A n = i • (-1)" • (\r ■ 2"" 1 • (n - 1)! • J d 2 ^ ■ ..d^a n (e— + - 1)^) 

. (e w_ 1)((T2) ... (e w_ 1)K) 















y h (<Ji)d ai y h {<Ji)d a2 y l * (a 2 )d a2 y i2 (a 2 ) 






J in (an)d an y 
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FIG. 6: The points represent the factor e 2%my+ - 1. 



2(-l) n 
(27r) 2 "n 



/to 



(fcn-l)g ra -i(fcn-l)g n (k n ) an (k n ) ai ^ ik^ai -at) e iki-{pi -er 3 ) . . . e ik n -i-(a„-i -er n ) e %k n -(a n -eri) 



k 2 



kl 



1 r 71 

(e W _ l)«-l ((7l ) -<7i) fa -(Ti) 6 ^^((Ti) 

^ L i=2 



-Ti—l n n 

+ (e W _ !)n-2 (t7i) ^ £ ((T . _ ai )« ((7j ^e^^e^VO 



i=2 j=i+l 



(38) 



where the quadratic divergence ~ 5(0) and finite terms have been omitted. The Feynman 
diagram for this n-gon contribution is shown in Fig. 7. 



FIG. 7: The n(=6)-gon logarithmic divergence where the circles stand for the factor e 2imy+ — 1. 

The terms like (<7j — <J\) a (<7j — <7k) b with j > k > i + 1 vanish after integration, so 
that (38) is reduced to 

2(— l) n /■ j2 +t_ j2+t ,2+e 7 „ j2+e 7 „ (^1)01(^1)02 (^2)02(^2)03 



A = / ^ • • • d^CTnd^h ■ ■ ■ d 2+ *k n , 

(2n) 2n n J k{ k 
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2 



(fcn-l)g w -i(fcn-l)g ra (^ra)g n (fera)ai ik v (<n -c 2 ) Jk 2 -(a 2 -<r 3 ) ife n _ r (o- n _i -cr„) ifc„-(<r„ -eri) 

r 1 r n_1 

• -( e 2 ^ + - lrvo k - ^rK - °i) b + - fa - ^ 

L 1 L i=2 



-(n-2)((T 2 -<7i)°(<7i -a n ) b + 
d a e 2im y + d b e 2imv+ (a 1 )\. 



■d a d h e 7imv+ {a 1 ) + (e 2miy+ - l) n ->i) 

n-2 

Efa-i-*)fo -^i) a (^+i -^i) 6 

i=2 

The terms (a* — <7i) a (o" i+1 — (Jx) 6 and (<jj — (Xi) a (cr, — a^) 6 can be rewritten as 
(a, -ax) a (a m - ax) 6 = - <7,_i)° (a, - a^) 6 + Efa - <t,_i)° (<7,+i - 



(39) 



«=2 



2=2 



+ Efa - <t,_i)° - a^ 2 ) b + E (a, - <7,_i) a (a, - ^•_x) t 

Z=3 

-^(a, - ax) 6 = -^-x) a (^ - < 7,_ 1 ) 6 + 2((7 J -^-x) a (a m 

Z=2 Z=2 

+ E(<7, - m-i) (<T,_i -^_ 2 ) 6 
Z=3 

+ E fa - <7l-l)° fa - (7 j - 1 ) b 
&l-l,l,l+l 



(40) 



After integration, only the terms like (07 — o7_i) a fa — a j-i) b with j = / — 1, 1, 1 + 1 are 
not zero, so we have 

2(~ 1)" f j2+e„ ^2+e^. J2+E7, ^2+et, (^l)ai(^l)a 2 (^2)02(^2)03 

:-^-Jd a 1 ---d a n d fcx-.-d fc„ ^ ^2 

(fcn-l)a ra _i(fcn-l)a n (k n ) an (k n ) ai ^ ik 1 -(a 1 -a 2 ) ik 2 -(a 2 -er 3 ) . . . ife„-r(CT n _i -cr„) jfe„-(cr n -eri) 



1 



ft n-l 



2imy + 1 \n- 1 



V.2 



n—l / i 

(a n - a 1 ) a {a n - a,)" + £ Efa - ^_x) a (a, - ^_x) 6 + 

i=2 ^ 1=2 

Efa -*i) 6 + i>J -<^-i) a fa-i -^- 2 ) 6 )| -^e 2 ^^) 

n-2 

(n-2) ((7 2 -(tO ^! -a n ) fe + E(«-l-0 



i-1 



«=2 

+ (e 2 ^ + - l) n " 2 ((Ti) 
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^ i=2 Z=2 

To further calculate (41), we consider the typical term P t 

Pl |izlt f . . . d 2 + e and 2 + e h . . . ^ glUjlk feU^U 



(41) 



(27T) 



fc 2 



^2 



(^ra-l)a n _i (^n-l)a n (k n ) an (k n ) 



h.2 h.2 
^n—l 

(<T, - ^_i) a (<7,+i - ^) & ' ^ab(^l 
2(-l) 



°1 . gjfei-(cri -0-2) e ik2-{<J2 -0-3) _ _ _ e ifc n _i-(<T„_i -<7„) gife„-(cr n -cri) 



(2vr) 2n n 



I rf 2+ V x • • • d^a^h • • • d 2+£ A; n F ab (a 1 ) {kl \[ kl)a2 (^k&j 



(&n-l)a n _i(&n-l)a„ (k n ) a„(k n ) ai_ _ e iki-(ai -<r 2 ) gki-{a<i -a 3 ) 



k 2 



5 



3 ifcj_(-(<Tl_l -<Ti) 



Z-lJa 



9 



i9(A;,)t 



3 jfe r (o-( -<T( + l) 



/Co 



3 jfe i+1 -(CT !+1 -cr; +2 ) 



gifc n _i-(o- n _i — cr„) gifc n -(<T n — cri) 



(42) 



First integrating A^_i and A;/ by parts, then integrating out 02, • • • , <7 n , fci, fcj+i, • • • , k r , 
and renaming <7i — > a, ki — > A;, we have 



2( /'rf 2 +Vrf 2+£ A;^(^^)-^(^^)^^F a;) ( ( 7) 



(27r) 2 «ny <9A; a v P y <9A; 6 V A; 2 y A; 2 

^— l) n ^ j2 _ ^ / _ A , 



2rar e 

where p is independent of the index I. 
Similarly, the other typical term Q\ is 

2(-l) T 



Qi = 



(2n) 2n n 



d 2 ^a x ■ ■ ■ d 2+ ^ n d 2 ^h ■ ■ ■ d 2+ 'k, 



(fcl)oi(fcl)a2 (k 2 )a 2 (k2) 



«3 



ki 



/bo 



(k n -l)a n -i\kn-l)a n (^n)a n (&n) 



(43) 



h.2 h.2 

{a 1 - cri-i) a (07 - o-^-i) 6 • F ab (ai) 
(— l) n r 



ai_ _ e ikv(vi -o- 2 ) e ik 2 -((T2 -a 3 ) _ _ _ e ifc„_i-(<r„_i -<r„) e ik n -(a„ -ai) 



nir e 



J d 2 aF ab (a)5 a 



(44) 
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Inserting (43) and (44) into (41), we obtain 



A n 



n P f 1 

2n7re J 1 2 



i=2 



2+ £ (2(t-l)-(<-2)-(<-2) 



2imy^ 



+ 



n-2 



i=2 



- 2) + ^(n - 1 - i) (2(i - 1) - (i - 1) - (i - 2) (e 2imy+ - l)"- 2 <9 a e 2m ^ + <9 a < 



-1 



,n-2 



27T6 n 



/A 



(n- l)(n-2) 



D 2imy^ 



- l) n - 2 d a e 2imy+ d a e 2i 



2imy^ 



+{n - l){e 2irny+ - l) n - l d a d a e 2imy+ ^ 
After integration by parts, »4 n is reduced to 



2imy k 



- l) n - l d a d a e 2imy " 



(46) 



which is the logarithmically divergent term from the n-gon. 
The total logarithmically divergent part A from y l is 

,2 



^2 ^ 7 



(47) 



Thus the total logarithmically divergent term from y % and y 1 ' is obtained by adding the 
same term, replacing m by — m 

2m 2 



A T = 



ire 



J d 2 ad+ y + d- y^ 



(48) 



This is exactly the same as in harmonic coordinates (26), and can be illustrated by Fig.8. 





FIG. 8: The total logarithmic divergence from the sum of the n-gons. 

Now let us consider the ^-dependent effective action in group coordinates. When e is 
small, the dimensional continuation of the action (35) is 

4 



s = 



~ J d 2+ 'a ( - y~d + d„y + + \ ]T d+y'd.y* + ^V^-V 
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1 4 

+iip 1 d+rj 1 + iip 2 d-i] 2 + £ bc - y d + d-y + e<p + - ^ d + y l d^y l e(p 

2 i=i 

1 8 

+ - ^ d + y l ' d^y 1 ' ' t<p + i^ 1 d+r] 1 e<p + i-0 2 <9_r? 2 e0 + £ fec e0 

2 i'=5 

+he 2 ^y + - 1) £ 0+^+0* + i(e 2 ^ + - 1) £ d+y'd+yW 
^ 1=1 1 i=l 

+ he- 2m y + - 1) £ d+jf'd+y* + i(e- 2 ^ + - 1) ]T d + /d + /e0 + mf 1 ^ 

1 i'=5 1 i'=5 

+i imp 1 ip 2 e<j) + i mi] 1 !] 2 d + y + d_y + + % mr^rf d + y + d^y + e(f)^j (49) 

where the relevant bosonic interactive Lagrangian is |<9 + y*cL?/ l e0+|(e 2Mn?/+ — l)d + y l d + y l + 
l^ e 2imy+ _ l) ( 9 + y l ( 9 + y l e j similar for y 1 ' . 

Following the procedure of the calculation of the logarithmic divergence and exploiting 
(45), the first part of the ^-dependent effective action from n-gon is 



+ (n-l)0(e 2imy+ - l) n - 2 a a a o e 



a r 



+ (n 2) (e 2i "^ + - l)"- 2 «9 a e 2 ^ + ,9 a e 2 ^ + 

2 

+(n - 1)0 (e 2im?/+ - If^dada e 2tmy+ } (50) 

where the first two terms are obtained by replacing one point of Fig. 6 (e 2wn?/+ — 1) by 
e(f), and the last two terms by replacing one point of Fig.6 (e 2irny+ — 1) by ( y e 2%mv+ — l)e0. 
In deriving the quantum counterterm (45), the only interacting term is — ±(e 2Mn?/+ — 
l)d a y' l d a y % . However, when calculating the ^-dependent effective Lagrangian from n-gon, 
there are three interacting terms — I( e 2Mn ^ + — l)d a y % d a y\ — I( e 2Mn ^ + — \)d a y % d a y l e<p and 
— ^d a y l d a y l e(f), and the interacting terms —^d a y l d a y' l e4> and — I( e 2 « m ^ + — l)d a y l d a y l €<j) only 
appear once respectively because of the logarithmic divergence. 
The first part of the ^-dependent effective action from y l is 

C*=±C* n) =--[ d 2 o<t>d+d_y+ (51) 

n=2 71 J 
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which is proportional to the equation of motion d + d-y + = 0, and can be ignored in the 
process of renormalization. 

Similar to B 3 and F 3 the second part of the ^-dependent effective action which can be 
obtained by the contraction between A and d + y'd^y + e<p is 

1m 2 f I 1 

AC<P = ~2^J rf2+V l rf2+V 2^ + (^l)9_i + ( ( T 1 ))9 + ^( ( T 2 )^y + ( ( T 2 ) e 
9/77 ^ f 

= / d 2 a<f)d + y + d-y + . (52) 

7T J 

The total logarithmically divergent term from y % and y 1 ' is obtained by adding the same 
term with m replaced by — m 

2m 2 r 



C ^ T = -— [ d 2 a<f ) d + d-y + + — ( d 2 o$d+y+d-y 

71 J 71 J 

_Z!^! f d i a(j)d+d _ y + + ^ [ d 2 a<pd + y + d^y 

71 J 71 J 



Am r 

= / d 2 a<f)d + y + d_y+ (53) 

71 J 

This cancels with the fermionic ^-dependent effective action, i.e., C^ + Fi + F 2 + F 3 = 0. 
Thus the pp-wave GS superstring in group coordinates is a conformal field theory. 



V. SUMMARY AND CONCLUSION 



We have studied the pp-wave GS superstring in the semi-light cone gauge = e 2< ^S a b, 
j + 9 = 0. The original GS superstring action with 5*0(8) spinors has been recast into a 
simple form with two 577(4) spinors. For the m = case, the conformal anomaly from 
SU (4) spinors has a coefficient +8 while the contribute ^ an d reparametrization ghost 
contribute -y, thus the total conformal anomaly in (8) vanishes. 

For the m ^ case, we have calculated the ^-dependent bosonic effective action in 
harmonic coordinates. When we compute the fermionic ^-dependent effective action, we 
have found a new triangular one-loop Feynman diagram. We have shown that the bosonic 
^-dependent effective action cancels with the fermionic one, which indicates that the pp- 
wave GS superstring is a exact conformal field theory. The quartic interacting term in 
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pp-wave background is x l d + x + d^x + and x + can only contract with x~, and there is no 
interacting term quadratic in x~, thus the higher-loop diagrams can be decomposed as 
the products of the one-loop diagrams, which is a crucial feature when we discuss the 
mixing of the vertex operators. 

We have introduced the group coordinates preserving SO (A) x 5*0(4) and conformal 
symmetry. And we found that in group coordinates there are logarithmic divergences 
from n-gons whose divergent structure is more complicated than that in harmonic co- 
ordinates. After summing over all contributions from n-gons, we have shown that in 
group coordinates, the GS superstring on pp-wave RR background is also a conformal 
field theory. 

In the above, to prove the conformal invariance of the pp-wave GS superstring action, 
we have shown how the ^-dependent effective action vanishes. The authors of [5, 6, 19], 
only commented on the UV finiteness of the string action. When we construct the vertex 
operators on pp-wave, we will calculate one-particle irreducible diagrams of an insertion 
of a vertex operator. In this case, the method for calculating ^-dependent effective action 
is more useful than that for calculating UV finiteness of the string action. Actually, our 
work has paved the way to construct the vertex operators and discuss the mixing of the 
vertex operators on the pp-wave. 
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